Complex stress distributions often exist in ocean engineering structures. This stress influences structural vibrations. Finite Element Methods exhibit some shortcomings for solving non-uniform stress problems, such as an unclear physical interpretation, complicated operation, and large number of computations. Analytical methods research considers mainly uniform stress problems, and often, their methods cannot be applied in practical marine structures with non-uniform stress. In this paper, an analytical method is proposed to solve the vibration of plates with general stress distributions. Non-uniform stress is expressed as a special series, and the stress influence is inserted into a vibration equation that is solved through decoupling to obtain an analytical solution. This method has been verified using numerical examples and can be used in arbitrary stress distribution cases. This method requires fewer computations and it provides a clearer physical interpretation, so it has advantages in some qualitative research.
Introduction
The complexity and special working environment of some practical ocean engineering structures means that often, stress exists in the structure prior to it being subjected to a work load. These stresses include artificial stresses, such as prestress in structural connections; stress caused by manufacturing, such as welding residual and assembly stresses; and stress caused by complex and special working environments, such as submarine shell stresses caused by hydrostatic pressure. It is worth noting that these kinds of stresses could change structural performance.
A large amount of research effort has been devoted to studying the influence of stress on structural strength and fatigue (Dong, 2001; Gannon, 2012; Khan, 2011; Niemi, 1995; Paik, 2012) . As we know, the structural vibration is always a research hotspot (Cho, 2016; Senjanovi c, 2015 Senjanovi c, , 2016 . However, in comparison, the influence of stress on vibration is often ignored and limited related research exists in this area. Doong (1987) applied high-order shear deformation theory to derive the initial stress thick plate vibration control equation, and compared results with reference data (Brunelle and Robertson, 1976) . Fuller and Fahy (1982) considered pressure caused by fluid filling a cylinder and derived its free vibration equation. Liu and Zhang used the wave propagation method to study the effect of hydrostatic pressure fields on vibration characteristics (Liu, 2010 (Liu, , 2011 Zhang, 2001 Zhang, , 2002 . However, they focused mainly on uniform distributed stress. The influence of stress concentration around holes on vibration has also been studied (Yahnioglu, 2007) . Gao (2002 Gao ( , 2014 compared experimentally a plate with and without welding stress. Although their research focused on nonuniform distributed stress, it is limited to specified stressdistribution types and cannot be applied to other distributions. Non-uniform stress distributions are often encountered in ocean engineering structures and these distributions vary in different working environments. The former methods cannot be used to solve this practical stress problem, and a method is required that can solve structural vibrations with general stress distributions.
Although the Finite Element Method (FEM) can be used to investigate structural dynamics with non-uniform stress distributions (Chen et al., 2014) , it cannot explain the essential relationship between structural stress and vibration. Complicated operations are required to exert a non-uniform stress distribution and reruns are required when the stress distribution changes. FEM requires high modelling costs, especially for large-scale structures. So, it is inconvenient to conduct research on the stress-caused influence on vibration by FEM. Therefore, it is necessary to develop alternative analytical methods.
This work aims to provide a unified and efficient solution for vibration analysis of structures with general stress distributions. Plate structures are discussed and an analytical method is proposed to solve the vibration problem of nonuniform stressed plates. Using the proposed method, structural stress, regardless of its distribution and value, is expressed as a special series that can express almost all of the stress distributions and achieve partial decoupling among structural modes in the final vibration equation. The analytical solution is obtained by solving this decoupling equation. Finally, this method is verified using numerical examples. The analytical solution can be applied to a structure with arbitrary distributed stress, so it has a wider range of applications than previous analytical methods. It also requires less computation and provides a clearer physical interpretation than FEM, so it is more suited for qualitative research on the relationship between stress and vibration. The proposed method can be applied in the vibration analysis of ships and offshore structures with a non-uniform distributed stress, such as submarine welding stresses, which are distributed only near the joints; risers' varying stresses that are caused by hydrostatic pressure at different water depths; and varying seabed pipeline stresses that are caused by in-pipe fluid with different fluid velocities and temperatures.
Structural stress distributions can be obtained by using some mature methods according to different stress factors, for example, the welding stress Radaj, 2012) , the hydrostatic pressure-induced stress (Cao, 1989; Liu, 2009) , and the in-pipe fluid-induced stress (Bokaian, 2004; Zhang, 2001) . Once the stress distribution has been determined, structural vibration with a specific distributed stress can be obtained rapidly using the presented method. This stress-considering vibration result is closer to the reality. By comparing the non-stressed structure's vibration, the level and feature of the stress influence on vibration can be analysed. Based on the vibration results and stress influences, further steps can be taken to resist vibration.
The proposed method also has application in many other engineering applications, such as vibration optimization and damage identification. In future, it may be possible to combine the presented method with innovative materials, such as Functionally Graded Materials (FGMs) (Belabed, 2014; Bellifa, 2016; Bennoun, 2016; Bouderba, 2013; Bourada, 2015; Hamidi, 2015; Hebali, 2014; Mahi, 2015; Meziane, 2014; Ait Yahia et al., 2015; Zidi, 2014) FGMs are heterogeneous materials in which the material properties are varied continuously from point to point. At each interface, the material is chosen according to specific applications and environmental loadings. Nowadays, FGM is being used increasingly in engineering.
The remainder of this paper is organised as follows: Section 2 builds the vibration equation of the structure with general stress distributions. Section 3 presents the solution procedures of the equation derived in Section 2. In Section 4, some numerical examples are used to verify this method. Section 5 presents the conclusions.
Theoretical formulations

Description of the model
In most previous methods, the stress value is seen as an invariant because it considers mainly the uniform stress distribution case (Fuller and Fahy, 1982; Liu et al., 2010 Liu et al., , 2011 Zhang et al., 2001a Zhang et al., ,b, 2002 , and these invariants are substituted into the vibration equation to obtain the vibration equation of uniform stressed structures. However, the aim of this study is a plate with arbitrary stress distributions as shown in Fig. 1 , and the stress value varies with different locations. So, the basic vibration equation of structure with a non-uniform stress needs to be derived. In Fig. 1 , h is the thickness; a is the plate length; b is the plate width; the x axis represents the length direction; the y axis represents the width direction; and u, v, and w are the neutral plane displacements in the x, y, and z directions, respectively. Stresses can be divided into a normal stress s Before the derivation, the following assumptions are made:
(1) FluideStructural Interaction is not considered in this paper. (2) Structural stresses and stresses caused by vibration satisfy the linear superposition. (3) The vibration satisfies the small elastic deformation condition. (4) The stress is distributed uniformly in the thickness direction. (5) Stress relief is not considered in this paper.
Coupling force between vibration and stress
In an element body from the plate, the length and width directions are dx and dy, respectively, and the z axis represents the normal direction of this element body. When the plate is static, the force diagram of an element with structural stress is shown in Fig. 2 .
In 
When the plate is vibrating, the forces and moments of the element body can be divided into two parts: Part 1 consists of the forces and moments caused by vibration deformations, as shown in Fig. 3 ; Part 2 consists of the coupling forces and moments caused by structural stress and vibrational displacements. The former part can be expressed by classic thinplate theory (Cao, 1989) . The latter part is derived below.
It is assumed that the structural stress remains unchanged during vibration. So when the neutral plane is of unit length, the unit lengths in sections OA and OC (in Fig. 4 ) with distance z from the neutral plane are:
Hence, the unit length section areas of OA and OC become:
From Eq. (3), the unit length section areas of OA and OC do not change with vibration, and so neither does N r x . 
Based on the Kirchhoff thin-plate theory, the stress remains unchanged in the thickness direction. So the coupling moments and torques caused by structural stresses in this paper should not be considered.
Vibration equation of structure with general stress distributions
From the derivation above, it is clear that structural stress and vibrational displacement produce some new coupling forces during vibration, and these coupling forces could affect the force equilibrium equations. So the vibration equation would change and new force and moment equilibrium equations need to be derived.
According to the derivation above, no new coupling forces are generated in the x and y directions, so the force equilibrium equations in the x and y directions are still satisfied. Only the new force equilibrium equation in the z direction and the moment equilibrium equations need to be built.
(1) new force equilibrium equation in z direction In stressed structures, besides vibration-induced shear forces Q x and Q y (in Fig. 3 ), the new coupling forces DN Fig. 5 ) are generated. So, the force equilibrium equation in direction z can be expressed as:
(2) moment equilibrium equations
Because new coupling moments are not considered in this paper, and based on the Kirchhoff thin-plate theory, the moment equilibrium equations in the x and y directions, respectively, are:
Substitution of Eqs. (7) and (8) into Eq. (6) yields:
Substitution of Eqs. (4) and (5) into Eq. (9) yields the stressed plate vibration equation:
where LðwÞ ¼ (Cao, 1989) . However, the present research considers the general stress distribution, whose stress amplitude varies with change in location. So, former methods cannot be used here, and a new solution method is required.
Solution of the vibration equation
The boundary condition is assumed as simply supported and the displacement can be expressed in the series (He, 2001) :
, and a and b are the plate length and width, respectively.
By substituting Eq. (11) into Eq. (10), multiplying both sides of Eq. (10) by sin(max) and sin(nby) and using the trigonometric function's orthogonality, the complex stressed plate dynamic equation is derived:
Express the C integration term in Eq. (12) as
C sinðmaxÞsinðnbyÞdxdy, which represents the effects of structural stress. Because of the appearance of K, the structural modes couple together, and a single structural mode can no longer be computed so that the entire coupling equation has to be solved in order to obtain the coupling modes. The C integration term in Eq. (12) is expressed as
C sinðmaxÞsinðnbyÞdxdy, which represents the effects of structural stress. Because of the appearance of K, the structural modes couple together, and a single structural mode can no longer be computed so that the entire coupling equation has to be solved to obtain the coupling modes.
The processing of stress is important. If stress is distributed uniformly overall, C is invariant, then the structural modes are uncoupled and the equation is easy to solve. In the present case, C is a general expression of location that leads to structural mode coupling. An appropriate stress expression is required that cannot only represent most stress distributions, but also helps achieve structural mode decoupling. In this paper, a trigonometric series was chosen, which can satisfy the above requirements. One-dimensional stress (the stress value varies in only one direction) and two-dimensional stress (the stress value varies in two directions) are considered in this paper.
One-dimensional stress type
Consider only the normal stress in this paper. If the stress value varies in one direction, then the one-dimensional structural stress can be expressed as
where s rx g and s ry j are the x-and y-directional stress amplitude components, respectively, and g and j are positive integers. Substituting Eq. (13) into K yields:
According to the product to sum formula:
According to the orthogonality of the trigonometric function:
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Using Eqs. (15)e (18), the first and third terms can be simplified into:
Eqs. (19) and (20) means the coupling occurred among the specified modes only. Each mode is coupled with only a few specific modes, rather than with all the other modes. We can simplify the second and fourth terms in the same way. Therefore, for the final vibration equation, we just need to compute the terms which correspond to the specific coupling modes. What is more, after simplification the calculations do not involve integral operations any more. And the simplification does not involve any approximation. So the decoupling of partial modes can reduce the computation cost dramatically without accuracy loss. Then M Â N equations can be constructed and expressed into a matrix form:
Eqs. (19) and (20) imply that coupling occurred among specified modes only. Each mode is coupled with only a few specific modes, rather than with all the other modes. The second and fourth terms can be simplified in the same way. Therefore, for the final vibration equation, terms that correspond with specific coupling modes need to be computed. Moreover, the calculations no longer involve integral operations after simplification. And the simplification does not involve any approximation. So the decoupling of partial modes can reduce the computation cost significantly without loss in accuracy. M Â N equations can be constructed and expressed in a matrix form:
where
L is a sparse diagonal matrix that represents the non-stress part, and its diagonal elements are d ðmÀ1ÞÂNþn ¼ ½ðmaÞ 4 þ 2ðmnabÞ 2 þ ðnbÞ 4 À rh D u 2 and R gj is a sparse non-diagonal matrix, whose elements are:
When the stress distribution is more complicated, the stress can be expressed in series as:
Applying the same methods as above, a M Â N matrix equation is established:
where the complex stress-matrix, R, can also be expressed as a series: (18), and simplifying the first and third terms in K yields:
Eqs. (30) and (31) mean that the coupling occurred among specified modes only. Each mode is coupled with only a few specific modes, rather than with all the other modes. Similarly, the second and fourth terms in K can be simplified. Then M Â N equations can be constructed and expressed in matrix form:
L and X in Eq. (32) are the same as those in Eq. (21) and R gj is a sparse non-diagonal matrix, whose elements are: 
where the complex stress-matrix, R, can also be expressed as a series:
Most distributions can be expressed in the form of Eqs. (26) and (37). Hence, the presented method can be applied to deal with the vibration of structure with arbitrary stress distribution.
For free vibration solving, the determinant of Eqs. (27) and (38) should equal zero: When no stress exists in the structure, i.e., R ¼ 0, Eq. (40) becomes the classical plate free vibration characteristic equation. Otherwise, the structure modes would couple and change because R s 0. The arbitrarily stressed structure's natural frequency and mode shape can be obtained by solving Eq. (40) .
If the plate is excited by a vertical distributed force f z , then the forced vibration equation of the stressed plate can be: 
Substituting Eqs. (11) and (42) into Eq. (41), and establishing the forced vibration of the stressed plate in the same way as above yields: Fig. 8 . The first 6 order mode shapes comparisons.
The value of W mn can be obtained by solving Eq. (43). Substitute these into Eq. (11) to obtain the forced vibration response of the plate with arbitrary stress distribution.
Numerical verification
In this section, the accuracy and advantage of the presented method is verified by using two numerical examples: one is a simple one-dimensional stress distribution case; the other is a practical stress distribution case.
One-dimensional stress example
A model of a stressed rectangular plate was created as shown in Fig. 6 , and the colour represents the structural stress. The plate parameters are length a ¼ 1.5 m, width b ¼ 1 m, plate thickness h ¼ 0.01 m, densityr s ¼ 7860 kg/m 3 , Young's modulus E ¼ 2.1 e 11 N/m 2 , Poisson's ratio m ¼ 0.3, and the boundary condition is simply supported. In this example, there exists only an x-directional stress, s r x , in the plate, and the stress value varies only in the x direction. The stress distribution is shown in Fig. 7 . The presented method is performed by using Matlab R2013. The natural frequency and mode shapes of this model are calculated using the presented method and the FEM software Abaqus, respectively. The mesh sizes (0.02, 0.03, 0.04, 0.05, 0.08, and 0.1 m) are selected in the FEM for comparison with the presented method. In Abaqus, the linear thin shell S4R5 element is selected as the element type. The number of series by the presented method is set to 100. The frequency results are listed in Table 1, the DOF  comparison is listed in Table 2 , and the mode shape results are shown in Fig. 8 . The convergence analysis is shown in Fig. 9 . The presented method is also applied in other boundary conditions. The results of different boundary conditions (including SeSeSeS, SeCeSeC, SeCeSeS and SeFeSeF) are listed in Table 3 . In these cases, 0.02 m is selected as the FEM mesh size, the number of series by the presented method is 100. In order to avoid buckling, 0.8 Mpa is chosen as the stress amplitude for SeFeSeF, the other boundary conditions are all 100Mpa as seen in Fig. 7. 
Practical stress example
In this section, a practical stress case, welding residual stress, is chosen as the numerical example. The welding stress distribution is more complicated than the stress in Section 4.1. The proposed method and the FEM are applied to calculate a welding plate's natural frequency, respectively. The welding plate is shown in Fig. 10 . The plate model's geometric parameters are: length 2 m, width 2 m, and thickness 0.02 m, and its material properties are the same as in the previous example in Section 4.1. The welding line is located at x ¼ 1 m.
The Thermo-Elastic-Plastic Finite Element Method (TEP-FEM) is used widely in welding simulation and welding residual stress calculations (Lee et al., 2013) , and TEP-FEM software Marc was used to obtain the welding stress distribution in this plate. Based on the TEP-FEM welding residual stress results, the longitudinal and lateral welding residual stresses are fitted in series as shown in Fig. 11 . Application of the presented method and Abaqus to solve the natural vibration of this welding plate yields the results in Table 4 .
The results and convergence analysis show that as the mesh is refined, the results converge to a value that is close to the result obtained by using the presented method. And the presented method can also be applied in other boundary conditions. Therefore, the validity and accuracy of the presented method can be verified. Meanwhile, from Table 1 and Fig. 8 , the stress changes the natural frequencies, but does not have an obvious influence on the mode shapes. In previous research, the influences of stress on the structure's ultimate strength and fatigue property have been paid more attention. However, according to the numerical examples, the effect of complex-distributed stress on structural dynamics also cannot be ignored.
Although for the pure computation time there does not appear to be much difference between the FEM and the presented method, the FEM requires many more complicated and time-consuming operations to exert a specified stress distribution during modelling. Moreover, when the mesh is updated or the stress distribution changes, these complicated operations have to be rerun. If the stress distribution changes frequently or the structure is very large and has a large number of elements, FEM modelling would be time-consuming. Therefore, the presented method is more appropriate for studying the rule of the stress effects and for clarifying the essential relationship between structural stress and vibration. It has advantages for some qualitative research.
Conclusions
A unified solution for the vibration of plates with general structural stress distributions has been presented. The structural stress, regardless of its distribution and value, is expressed as a specific series, which can express almost all the (Note: S-simply supported; C-clamped; F-free).
stress distributions and achieve partial decoupling among structural modes. The analytical solution obtained can be applied to a structure with arbitrary stress distributions, so it has a wider range of applications than the previous analytical methods. Meanwhile, it has the advantages of fewer modelling costs and provides a clearer physical explanation than the FEM, so that it is more convenient for researching the relationship between structural stress and vibration. In this research, because of the impact on vibration, the distribution of structural stress is an important factor. Different stress distributions may have different impacts on structural vibration. The structural stress cannot be simplified into a uniform distributed stress in practical engineering structures, because this simplification may yield a large difference in the vibration results. In future, further study will be conducted on the effects of more practical stress distributions on the vibration characteristics by using the presented method to clarify the influential law between the vibration and non-uniform distributed stress. 
